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MODELING OF NONLINEAR ANTIPLANE STRAIN
OF A CYLINDRICAL BODY

V. D. Bondar’ UDC 539.3

Antiplane strain of an elastic cylindrical body is studied with allowance for geometrical and physi-
cal monlinearities and potential forces. The nonlinear boundary-value problem for two independent
strains is solved. An analytical solution and the corresponding load are obtained for the Rivlin—
Saunders quadratic elastic potential, which models finite elastic strains. The problem for displace-
ments specified on the boundary is solved. The case of weak physical nonlinearity is considered.

Key words: displacement, strains, stresses, potential, nonlinearity, boundary-value problem, an-
alytical solution.

To provide sufficient accuracy in studies of the strain of an elastic solid for the case where strains are finite and
the material behavior does not obey Hooke’s law, to it is necessary to drop the constraints of the linear theory and
consider the strain with allowance for geometrical and physical nonlinearities. In the present paper, this approach
is used to study the nonlinear antiplane strain of an isotropic cylindrical solid under the action of body forces in
the actual-state variables.

For antiplane strain of a cylindrical solid body, the displacement is parallel to the generatrix and does not vary
along the body [1, 2]. We consider this strain using the model of an incompressible nonlinear-elastic solid, which
comprises equilibrium equations, Murnaghan’s law, a relation between the elastic potential and the basis strain
invariants, expressions for the strain components and invariants in terms of displacements, and an incompressibility
condition. In the actual variables x1, z2, and 3 (21 = x and x5 = y are the transverse coordinates and x3 = z is
the longitudinal coordinate), these relations are written as [3, 4]

Fp+——=0; 1
k+8xl 0; (1)

oU
Py = —q.0k1 + (Om — 2Ekm) W; (2)
U = U(El,Eg,Eg,); (3)

o 8u1 8uk Bum 6um.
QEM - 8l‘k + 8%‘1 8l‘k 8$l ’ (4)

B = Enna 2k = EnpErpm — EnmEm.na E3 = |Ekl|; (5)

2F; — 4Fy + 8F5 = 0, (6)

where g, is the Lagrange multiplier, U is the elastic potential, E1, E5, and F5 are the basis strain invariants, Fj
and uy are the components of the body force and displacement, respectively, Px; and Fj; are the components of
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the Cauchy stresses and Almansi strains, respectively, and dy; is the Kronecker symbol (the subscripts take values
1, 2, and 3 and the summation is performed over repeated subscripts).

It is assumed that the displacement has only an axial component which is unchanged along the body and
the body forces have a potential V' which, like the displacement, is a function of only the transverse coordinates:

up =0, us =0, usz = w(z,y); (7)
ov oV ov
Flf*%; FQiiaiy’ FS**@*Oa V=V(z,y). (8)

For displacements (7), strains (4) are related to the axial displacement by nonlinear formulas (geometrical nonlin-
earity) and depend on the transverse coordinates:

2 2
281, = _(8710) , 2By = _(6710) , 2E33 =0,
ox dy
9)
ow Ow ow ow (
2F1 g = —— — 2F3 = — 2F30 = — Euy=FE .
12 dr By’ 31 oz’ 32 By [Eri ki (2,9)]
Eliminating the displacement from (9), we obtain the compatibility equations for antiplane strain:
2F); = —(2F31)?,  2F9 = —(2F32)?,  2F33=0,  2E19 = —2F32E30; (10)
OF3y  0FEs
— =0. 11
ox y (11)

The final equations (10) express the strains in terms of the independent components F3; and Eso, which are related
by the differential equation (11).
The basis strain invariants (5) are expressed in terms of the displacement as
2F) = —|Vw|?,  4E; = —|Vw|?, 8E3 = 0. (12)
Invariants (12) are independent of the longitudinal coordinate, nonpositive, representable in terms of the linear
invariant, and satisfy the incompressibility condition (6):

E, = Ek(x,y), E, <0, E, = Ek(El), 2F) —4F, + 8F3 =0, (13)

i.e., for antiplane strain, the material behaves like an incompressible material, which justifies the use of the incom-
pressible model.

The elastic potential (3) depends only on the first invariants by virtue of the properties of invariants (13),
and the tensor gradient of the potential with respect to strains is a spherical tensor:

U(E17E2>E3) = U(El); El = Elmémh

14)
OF; ou (
= Sy, — U'(Ey)bme.
0B, " R, U )
Under conditions (14), Murnaghan’s law (2) is written as a quasilinear stress—strain relation (physical nonlinearity):
Py =—qb —U'(E1)2Ep,  q=¢.—U (15)

(¢ is the hydrostatic pressure). Below, it is assumed that like the displacement and force potential, the pressure
depends only on the transverse coordinates: ¢ = ¢(z,y). Hence, it follows that the stresses are functions of these
coordinates (15): Py = Pri(z,y).

According to the strain-compatibility relations (10), the strain components and, hence, the linear strain
invariant are expressed in terms of two independent components F3; and E35. Consequently, the stress compo-
nents (15) can be written as functions of pressure and independent strains:

Pi=—q+U'(E)(2En)?,  Po=—q+U(E)2E»)°,  Pup=-q, 16)
Py = U'(E1)2E312E3s, Py = —U'(E))2FEs;, Pyy = —U'(E1)2Esy;

2F, = 2E,, = —(2F31)* — (2F32)% (17)
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For antiplane strain, we show that the pressure can be expressed in terms of the force and elastic potentials and the
independent strains are determined from the nonlinear boundary-value problem. To this end, taking into account
the expressions for forces (8) and stresses (16) and bearing in mind that these quantities depend only on the
transverse coordinates, we write the equilibrium equations (1) in expanded form. With allowance for the third
equilibrium equation

OP3;  OPs;  0U'2E3;  0U'2E3;
ox + oy or dy =0 (18)

we write the first two equations as
(P —V) n 0P . _8(q +V) n 02F31(U'2E3;) n 02F31(U'2E35)

ox oy ox Or dy
d(g+V 02F 02E.
__urV) g (2E31 2l 1 2Fs, 31) =0; (19)
Ox x
0P1o 0 (P22 — V) 0 (q + V) 82E32(U’2E32) 82E32(U/2E31)
=+ =— + +
Or y dy oy Or
0 (q + V) , 62E31 82E32
=———"+U'(2E: 2E: =0. 20
oy + ( 32 oy + 2Ls3; e ) (20)
Transforming equalities (19) and (20) with allowance for the strain-compatibility equation (11), we obtain
dg+V) U 0 2 2
——+ — —|(2E 2E: =0,
Br 2 a5+ B
og+V) U 0 9 9
———+ — —|(2E 2F =0.
ay 5 ay[( 31)° + ( 32)] 0
Taking into account the expression for the linear strain invariant (17), we write the second terms in these equations
as
"o 0E; ou
— |(2E31)* + (2E3)?*| = U — = ——
2 Oz [( 31)” + (2Fs2) } v Ox oz’
U o 0E; ou
I 2E 2 2E 2 = —U/ I
and finally write the equations as
0 0
il V+U)=0 — V+U)=0.
gtV HU)=0, Fla+V+U)

Integration of these equations yields the pressure expressed in terms of the force and elastic potentials with accuracy
to an additive constant:

q=h-V -U, h = const. (21)

It follows from (16) and (21) that the constant can be determined from the specified potentials and the axial
component of the resulting load in the end cross section S of the cylinder

1
P3:/ngdS:f/qu:—Sh+/(V+U)dS, hzg(/(VJrU)dePg).
S S S S

If the resulting axial load vanishes, the constant is equal to the mean value of the potentials in the cross section of
the body

1
hzg/(V+U)dS for Py =0, (22)
S

and the pressure (21) is equal to the deviation of the sum of the potentials from its mean value.
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The equilibrium equation (18) and the strain-compatibility equation (11) form a nonlinear system for the
independent strains determined in the cross section S of the body:
0 (U/Egl) i 0 (U/Egg) 8E32 8E31

ox Oy =0, or 9y =0, (23)

U'=U'(Ey),  Er=-2(Ej + E).

We write these equations in expanded form

0FEs; 0Fsy  0FEs; 0FEs
Hy = (U — 4U" B2 —AU" By B (7 ) U’ — 4U" E2 -0,
! ( 31) 61‘1 182 8951 + 6],‘2 + ( 32) 8332
OF3s 0FEs3
Hy = — =0
2 8951 8%2
and consider the corresponding characteristic second-order matrix whose elements and determinant are given by [5]
OH},
By = —————F—Unm, B = det (By).
M 9 (0Es/0tm) | et (Bi)
In this case, we obtain
B11 = (U/ - 4U”E§1)’Ul - 4U”E31E32’UQ, B22 = V1,
By = —4U”E31E32’U1 =+ (U/ — 4U”E§2)U2, By = —v1,
B = By1 By — B12Bo1 = UI(U% + U%) — 4U”(E31’U1 =+ E321}2)2. (24)

From (24) it follows that if the first two derivatives of the elastic potential have different signs, the determinant
is nonvanishing:
B <0 for U' <0, U'>0,

/ " (25)
B>0 for U' >0, U"<O0.

In these cases, the characteristic equation B = 0 has no real roots and, hence, system (23) is of elliptic type. For
this system, the boundary-value problem with specified boundary strains is well posed.

In (25), the condition B < 0 is satisfied, in particular, for the Rivlin—Saunders quadratic potential used to
model large elastic strains of rubber-like materials [2]:

U=aE} —bE, +c¢ (a>0, b>0, ¢>0, FE;<0),

U'=2E, —b<0, U"=2a>0. (26)

(This potential generalizes the Mooney linear potential U = —bE; + ¢ for the same materials, which corresponds to
Murnaghan’s linear law.)

If forces pi are specified on the boundary L of the cylinder cross section S, the boundary values of the
independent strains can be determined. Using stresses (16) and the outward lateral normal (ng) = (n1,n2,0), from
the equalities py = Pxyn; we obtain the following nonlinear system for these strains:

p1 = —qni1 +4U'Es1(E31ny + Esons), p2 = —qna + 4U' E53(E31n1 + Esong),
p3 = —2U’(E31n1 + Egz’ng), q= h—V — U, (27)

U=UE), U =U(E), By =—-2(F3 +E3) on L.

Let us write system (27) in different form. We consider the normal (ny), tangent (¢;), and binormal (bg)
unit vectors to the contour L and linear combinations of the independent strains f,, and f; that are uniquely related
to the independent strains:

(le) = (n17n270)7 (tk) = (tlth’O) = (_n27n170)’ (bk) = (0’07 1); (28)
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fn = Eginy + E3zang, fo = Esit1 + FEsoty = —E31m9 + FE3ang; (29)

E31 = fani — fina, E3s = funa + fini on L. (30)
By virtue of (21) and (27)—(29), the natural components of the contour load (p,,p:, p») are given by

po=prnp =V +U —h+4U'f2, p, = pity =4U fufr,  po = prbr = —2U' fy, (31)
U=U(E), U =U'(E), Ey = —2(E5, + E3,) = —2(f2+ f}) on L.

Consequently, the boundary values of the strains F3; and E3o can be determined in terms of f, and f; using
formulas (30) and the quantities f,, and f; are found from the second and third relations in (31):

fo=—p/2m), Do+ 2fU(E) =0 [Er=—2f%—p?/(2p})]. (32)

The first equality in (31) [with allowance for the solution f;, f,, of system (32)] is a constraint imposed on the lateral
load to ensure antiplane strain. In formulas (32), the quantity f; is determined only by the load and f,, by both
the load and the form of the elastic potential.

For the quadratic potential (26), it follows from (32) that the derivative is given by

U' =2aE; — b= —b— a(4f2 + p2/p?),

and the second equality in (32) is the incomplete cubic equation
2 2 3 2
+b t

— + — 33
4ap? 8a 27 4 (33)

Since T' > 0, Eq. (33) has a single real root [6]

fo=dJy+J_,  Jr=+y/—-t/2+VT. (34)

In the case of weak physical nonlinearity, where the coefficient of the quadratic term in potential (26) is
much smaller than the coefficient of the linear term: k = a/b < 1, expression (34) can be linearized with respect
to this small parameter. To this end, we set @ = kb and f,, = fO + kf! in Eq. (33) and retain the free term and
k-linear terms:

8kbp, (f)° + 20p; f) + 2kb(p £, + PP f) =Py =0 (k= a/b).
Setting the coefficients of k° and k! equal to zero, we obtain equations that give the desired approximation

P @(klﬁphb%?)
2b b2p3

Thus, for the quadratic potential (26), the boundary-value problem for independent strains comprises
Egs. (23) and boundary conditions (30) whose right sides are determined by formulas (32) and (34) [for weak
physical nonlinearity, relation (34) is replaced by (35)]. The relations of the problem contain no force potential,
and, therefore, the potential body forces affect the pressure but have no effect on the independent strains.

The boundary-value problem for the independent stains formulated in Cartesian coordinates can be written
in polar coordinates r, v, and z (z = rcosv, y = rsinv, and z = z). In these coordinate systems, the normal and
strain components are related by the formulas

(35)

N1 = Ny COSV — Ny SIN D, o = N, SINV + Ny, COSV, ng =n,,
E11 = Eypp c082 0 + Eyy sin? v — B,y sin 2v, Eoy = E,psin? v + Eyy cos? v + By sin 2v,
Fss = E,,,  Es = E,pcosv— Eyysinv,  Esy = E,psinv + Eyy cosv, (36)

Ei3 = (E; — Ey)sinvcosv + E,., cos2v (F3 + E3, = E% +E2).

With allowance for (10) and (36), cylindrical strain components are expressed in terms of the independent
components F,, and FE,, as

E,, = —2E*

zr?

E,, = —2F?

zZv?

E..=0, Ery = —2E,.FE,. (37)
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In cylindrical coordinates, Murnaghan’s law relates the stress and strain components by formulas similar to (15).
Transformation of these formulas with allowance for relations (37) yields the stress components expressed in terms
of the pressure and independent strains:

Prr =—q+ U/(QEZT)Q? va =—q+ U/(2EZU)2’ PZZ =4
Prv - UIQEzr2Ezv, Pzr - —U/2Ezr7 sz = _UIQEZTM (38)

U =U'(E)), FEi=E;+FEy+E..=—-2(F% +E2).

The pressure is defined by expression (21). The independent cylindrical strains are defined by Egs. (23) after
passing to differentiation with respect to polar coordinates using the formulas

0 0 sinv 0 0 . 0 cosv O
—— =COSU — — —— — —— =Ssmnv—+ —— —

Ox or r Ov’ Oy or r O
and replacing E3; and Ess by E,,. and E,,, respectively, in accordance with (36). As a result, the equations for the
independent cylindrical strains become
d(rU'E.,) . 0(U'E,,)
ar ov

B 0(rE.,) O0E..
=0 or o 0,

(39)
U'=U'(E), Ei=-2E +E2).
It follows from (29) and (36) that the quantities f,, and f; in cylindrical coordinates are written as
fn = Ezny + By, fie = —E.n. + E,,n,. (40)
Inversion of these formulas yields the boundary strains in the form
E.p = fany = finw,  E.o = fanw + fine on L, (41)

where f,, and f; are determined by the contour load and the elastic potential by formulas (32) and (34) [or (32)
and (35) for weak physical nonlinearity].

Relations (39) and (41) form the boundary-value problem for the independent cylindrical strains. In some
cases, it admits simple analytical solutions.

Let the strains be functions of the polar radius alone: E.,.(r) and E,,(r). It follows that the derivative of
the elastic potential U’(r) is also a function of the radius. In this case, Egs. (39) are simplified:

d(rU'E.,) 0 d(rE.y)

, =0.
dr dr
These equations can be integrated for any form of the potential and their solution contains two arbitrary constants
rE., = A, rU'E,, = B, A = const, B = const, (42)

where only E,, depends on the form of the potential.
For the elastic potential (26) and its derivative

U' = —b(1 — 2kEy) = —b[1 +4k(E% + E2)] (k= a/b) (43)

(b and k are the elastic constants), it follows from (42) and (43) that the strain E,, should be determined from the
incomplete cubic equation (where B is replaced by the constant C' = B/b)
r? + 4k A2 C a3 e?
E} 4+ E,d+e=0, d=-— " - ( _ &, e 0),
s T Sardte 1kr? °T Tor ST

which has a unique real solution [6]. Thus, the independent strains are given by

E.=A/r, E,=I,+1_, I.=1\/—¢/2+VE. (45)

For weak physical nonlinearity (k < 1), the quantity E,, in (45) can be determined in a k-linear approxima-
tion from the approximate equation (44) by equating the coefficients of the zeroth and first powers of the parameter
to zero:

(44)

E..=E° +kFE! 4kr?(E2 )3 4 (r? + 4k A (E°. + kEL) + Cr = 0.

zr?
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As a result, the strains (45) are approximately equal to

Ezvzé, E, = 0(1—4k

-8 éit93. (46)

r2
We apply the solution (46) to the problem of the relative equilibrium of a hollow cylinder r1 < r < ro of
density p which rotates at angular velocity w in the absence of the resulting axial end load P; = 0 under the action
of the body forces (centrifugal inertial forces) Fy = pw?z and Fy = pw?y and determine the corresponding pressure,
stresses, and lateral load in the approximation considered.
In this case, the elastic and force potentials are functions of the polar radius:
A2 4 C? A2—3C’2) U b( A2+ C?

2
— _ P 2
U=c+2b - (1+2k - 1+ 4k 2 ), V=e— 5 (47)

Here e = const and, according to (22), the constant h in (21) calculated for P; = 0, ¢ = 0, and e = 0 (which
corresponds to U =0 for £y =0 and V = 0 for » = 0) is given by

log (r2/r}) A% —3C? pw?
_ 2 2 2/"1 2, 2
h =242 + C2)( T ) - B e+,

In this case, the pressure (21) becomes

2 2 2
bA +C

— pw” 2
Q=hr =5

ety .

(1+26=—;

In the problem considered, it follows from (48) that the cylindrical stress components (38) depend only on
the polar radius:

Pzzz—(h-l-%ﬂ?g)+7272(A2+02)(1+2k%)’ sz:A%b(l-i-ﬁlk%)a

and, hence, they are constant on the lateral boundary of the circular tube. In addition, formulas (49) imply that
the body forces affect tensile and compressive stresses and have no effect on shear stresses. In this case, the physical
nonlinearity (k # 0) has an effect on stresses of both the first and second kinds.

The outward normal to the tube is directed along the radius, and, therefore, the boundary quantities (40)
have the form

(nfpl),nfjl),ngl)) =(-1,0,0), r=rmr, (ng)mf),n(zz)’)) =(1,0,0), r=rq,

A2 4 2 A
o _pow_ ¢ (1 — 4k %C) fO=pO =2 o p=py,
1 Tl T1

C A%+ C? A
IO =BQ = ——(1-ak =) P =B - for 7 =rs.
T )

T2 )

These strains and the derivative of the elastic potential (47) correspond to the lateral load (31)

2b 4bA
pi()l) = 70, pgl) = 20 for r= 1,
T1 L
@ 2C g 4bAC (50)
Py =—"—, Py =5 for r=r"Tro,
T2 T3

which is insensitive to the nonlinearity of the elastic potential in the case considered. The load components are
related by the formulas

PV = —rofre, p P =122,
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which imply that the load takes an independent value on one boundary, for example, the internal boundary. Using
this load, the integration constants A and C are expressed as

A=rpM/@2pY),  C=riplM/(20). (51)

Thus, the axisymmetric strain (46) of a hollow cylinder corresponds to the stress field (49), which depends on the
polar radius, and the lateral load (50), whose axial and circumferential components are inversely related to the first
and second powers of the radius. The integration constants in these formulas are defined by equalities (51).

In the case where displacements are specified on the boundary of the body, it is convenient to solve the
problem for displacements. In [17], the problem was studied in Cartesian coordinates; we consider it in polar
variables.

Using the expressions for the Cartesian strain components in terms of the displacement gradients (9) and
the relations between the strain components in Cartesian and polar coordinates (36), we obtain

0 0
2F,, = 2F31cosv 4+ 2FE3ysinv = av cosv + e sinv,
ox y

0 0
2F., = —2F31sinv + 2FE39 cosv = _gv sinv + a—w COS V.
Y

ox

Passing to differentiation with respect to polar coordinates according to the formulas

ow  Jw Ow sinw ow Ow OJw cosv
— = — CcOSU — — ——, — = — sinv+ — ,
or  Or ov r dy  Or v r
we express the cylindrical strain components in terms of the displacement gradients:
1 ow 1 ow
E,,=-— =— —. 52
2 or 2 v (52)

After substitution of (52) into the strains relations (39), the second relation becomes an identity and the
first relation becomes the desired equation for the displacements in polar coordinates:

7 (V) (V5 =0

1r/ow\2 1 /0w\?2
v=vE). B=-3(5) +5(G) ]
(E1) ! 2L\ or + 2\ Qv
Let us obtain an axisymmetric solution of this equation. In this case, the displacement depends only on the
polar radius. Hence,

(53)

9 ow dw ow

=w(t t= — =2r— — =0
w=mw(t), " or "a v ’
dw\ 2 ou’
Bi=-2(0), U =U(B) =U), =0
1 o (E1) (t) 5
and Eq. (53) becomes
d , dw
7 ) =0
After integration, we obtain the integral
d
tu’ d—qf = B, B = const. (54)
Use of the quadratic elastic potential (26) and replacement of the constant B by C
dw\ 2 a
A — = — _ = — = — =
U' = —b(1 — 2kE;) b{1+4kt( dt) } k=32, B=—bC = const
reduces integral (54) to the incomplete cubic equation for w;
dw\3 dw 1 C u? s?
(&) +vG o= v e S-FtT>0) (55)

which has the unique real solution [6]
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%’ =N, (t,C)+ N_(t,C),  Ni(t,C)= m

Integration of this relation yields the displacement
w= /(NJr(t7 C)+ N_(t,C))dt + D, C = const, D = const. (56)

The constants appearing in (56) are determined from the boundary displacements specified on the lateral
surfaces of the body. In the particular case of weakly nonlinear elastic potential (k < 1), the derivative of the
displacement can be obtained from the approximate equation (55)

wy = w? + kw}, 4kt (w)? 4+ t(w) + kw}) —C =0

in the approximate form

2
do _C (1-4x C—).
dt t t
Integrating this equation, we obtain the displacement
4kC3
w=D+Clnt+ T C = const, D = const. (57)

We apply solution (57) to the problem of deformation of a circular cylindrical tube ¢; < ¢ < t2 on whose
lateral surfaces constant displacements are specified:

w=w; for t=rt, w=wy for t=ts,. (58)
With allowance for (57), conditions (58) reduce to the following equations for the constants C' and D:
w1:D+Clnt1 +4kC3/t1, w2:D+Clnt2+4kC3/t2.

Summation and subtraction of these equalities yields the following relations, the first of which defines D in terms
of C' and the second is a cubic equation for C":

w1 + wo C 3t1+t2
D= ——2=— —In(tity) — 2kC
2 5 In(tit2) tits
to —t t
4k 2 1C?’—Cln—z+w2—w1:0.
t1to tq

In the k-linear approximation, the constants have the values

— _ _ 2
- 2T (1+4k k—h (w§ w1) ) t=r2
In (t2/t1) tite  In°(t2/t1)
D= w1y + wo B we —wi In (tltg) B t1 + to (’UJQ — w1)3 ( to —t1 In (tltg) )
2 2 In(ta/t1) tity  In®(ty/ty) to+t1 In(ta/t1)/”

If the displacement depends on both polar coordinates, the elastic potential is quadratic, and k < 1, then the

approximation linear in the small parameter w = w® + kw' can be obtained from the approximate equation (53)
or o’ ow? ow’ 0 rlouw’ k/ow! ow’
S (O et )] - 2L A2t 2)] o

3T[T8T+r ar Loor +8’U’I"(9’U+T ov L o

8w0)2 (1 8w0>2

or '

Equating the coefficients of k and k' to zero, after some simplifications we obtain the following equations for the

displacement components

280 = —(
1 r v

8( 8w0) P’

o\ o) T =0 (59

a9/ ow! w5 0w’ 92EY  ouw’ 92EY
" or (T W) o2 " or Or * ov Ov’ (60)
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which are homogeneous and inhomogeneous harmonic equations, respectively. Equation (59) has the solution

w® = rsin (v + f), f = const,
which corresponds to 2E) = —1. As a result, Eq. (60) becomes a homogeneous equation, which, in particular, has
the solution
w' = grsin (v + f), g = const, f = const.

Thus, the approximate solution of Eq. (53) containing two parameters has the form
w = w’ 4+ kw' = (14 kg)rsin (v + f) (g = const, f = const). (61)

The first term on the right side in (61) (which does not contain the parameter k) corresponds to the contribution
of the linear elastic potential to the displacement and the second term accounts for the contribution of physical
nonlinearity; for kg ~ 1, this contribution is comparable to that of the linear potential.

In the problem of a cylindrical tube r; < r < r, solution (61) corresponds to boundary displacements that
vary according to the sinusoidal law

wy = (1 + kg)rysin (v + f), r=r, wy = (1 + kg)rgsin (v + f), T =ro.

The boundary displacements are proportional to the radii: wq/wg = 71 /79; therefore, it suffices to examine them
on one of the boundaries, for example, the internal boundary. On this boundary, the constant g determines the
displacement amplitude wi and the constant f determines the polar angle v, of its maximum: rq(1 + kg) = wj
and v, + f = 7/2.
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